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Abstract
We calculate the threshold T-matrices of kaon-nucleon and antikaon-nucleon scattering
to one loop order in SU(3) heavy baryon chiral perturbation theory. To that order the
complex-valued isospin-1 KN threshold T-matrix can be successfully predicted from the
isospin-0 and 1 KN threshold T-matrices. As expected perturbation theory fails to ex-
plain the isospin-0 KN threshold T-matrix which is completely dominated by the nearby
subthreshold Λ∗(1405)-resonance. Cancelations of large terms of second and third chiral
order are observed as they seem to be typical for SU(3) baryon chiral perturbation theory
calculations. We also give the kaon and eta loop corrections to the piN scattering lengths
and we investigate piΛ scattering to one-loop order. The second order s-wave low-energy
constants are all of natural size and do not exceed 1GeV−1 in magnitude.
PACS: 12.38.Bx, 12.39.Fe, 13.75.Gx, 13.75.Jz
To be published in: Physical Review C.
Chiral symmetry severely constrains the interaction of the strongly interacting particles at
low energies, first formulated in terms of current algebra. One of the most splendid successes
of current algebra was the Tomozawa-Weinberg prediction [1] for the s-wave pion-nucleon scat-
tering lengths a±piN . The tool to systematically investigate the consequences of spontaneous and
explicit chiral symmetry breaking in QCD is chiral perturbation theory. Observables are cal-
culated with the help of an effective field theory formulated in terms of the Goldstone bosons
(π,K,K, η) and the low-lying baryons (N,Λ,Σ,Ξ). A systematic expansion in small external
momenta and meson masses is possible. Pion-loop corrections to a±piN have been first calculated
in ref.[2]. In the case of the isospin-odd πN -scattering length a−piN the chiral loop correction
in fact closes the about 15% gap between the lowest order Tomozawa-Weinberg prediction and
the empirical value [3]. Recently, the complete fourth order one-loop analysis of low energy
πN -scattering has been performed in ref.[4].
Kaon-nucleon and antikaon-nucleon scattering are then of interest as a testing ground of
the three-flavor chiral dynamics. In comparison to the SU(2) sector of πN -interaction these
processes involve several new complications. First, the pertinent expansion parameter is much
larger since the pion mass gets replaced by the kaon mass. Secondly, for KN -scattering there
exist inelastic channels involving a pion and a hyperon down to threshold, whileKN -scattering is
purely elastic at low energies. The dynamical differences in KN versus KN -scattering naturally
show up in the values of the s-wave scattering lengths or the equivalent threshold T-matrices,
T
(0,1)
KN = 4π(1 +mK/MN)a
(0,1)
KN and T
(0,1)
KN
= 4π(1 +mK/MN)a
(0,1)
KN
. The superscripts denote here
1
the total isospin, I = 0 or I = 1. In a combined dispersion relation analysis of KN and KN -
scattering data the following values for the threshold T-matrices have been obtained by Martin
[5],
T
(0)
KN = 0.4 fm , T
(1)
KN = −6.3 fm , (1)
T
(0)
KN
= (−32.6 + 13.0 i) fm , T
(1)
KN
= (7.1 + 11.5 i) fm . (2)
A compilation of values from other determinations can be found in [6]. We consider the results
from the dispersion relation analysis most reliable and therefore compare the chiral calculation
only with the empirical values given in eqs.(1,2).
Let us begin with recalling the effective SU(3) chiral Lagrangians for meson-meson and
meson-baryon interaction, which read at leading order,
L
(2)
φφ = f
2tr
(
uµu
µ +
χ+
4
)
, (3)
L
(1)
φB = tr(B(i∂0B + [Γ0, B]))−D tr(B{~σ · ~u,B})− F tr(B[~σ · ~u,B]) . (4)
Here, the su(3)-matrix B represents the octet baryon fields (N,Λ,Σ,Ξ). The chiral connection
Γµ = i
2
[ξ†, ∂µξ] and the axial vector quantity uµ = i
2
{ξ†, ∂µξ} generate interaction terms with
the Goldstone bosons (π,K,K, η). These Goldstone boson fields are collected in a SU(3)-matrix
ξ = exp(iφ/2f). The parameter f is the weak meson decay constant in the SU(3) chiral limit.
Furthermore, D and F in eq.(4) denote the SU(3) axial vector coupling constants of the baryons
and ~σ is the usual Pauli spin-vector. Explicit chiral symmetry breaking is introduced via the
quantity χ+ = ξ
†χξ + ξχξ† whose vacuum expectation value 2χ = 2diag(m2pi, m
2
pi, 2m
2
K − m
2
pi)
can be expressed in terms of the pion and kaon masses squared. At next-to-leading order the
part of the effective chiral Lagrangian relevant for s-wave meson-baryon interaction reads,
L
(2)
φB = bD tr(B{χ+, B}) + bF tr(B[χ+, B]) + b0 tr (BB) tr(χ+)
+
(
2dD +
D2 − 3F 2
2M0
)
tr(B{u20, B}) +
(
2dF −
DF
M0
)
tr(B[u20, B])
+
(
2d0 +
F 2 −D2
2M0
)
tr(BB) tr(u20) +
(
2d1 +
3F 2 −D2
3M0
)
tr(Bu0) tr(u0B) . (5)
The first three terms proportional to the low-energy constants bD,F,0 are chiral symmetry break-
ing ones and thus contribute to the mass splittings in the baryon octet. The remaining double-
derivative terms are accompanied by low-energy constants dD,F,0,1 plus 1/M0-corrections, where
M0 is the baryon mass in the chiral limit. In the heavy baryon formalism used here such second
order terms with fixed coefficients stem from the 1/M0-expansion [7] of the original relativistic
leading order Lagrangian L
(1)
φB.
Now, we turn to the chiral expansion of the KN and KN scattering threshold T-matrices.
At leading order O(q) one simply has the analog of the Tomozawa-Weinberg relation for kaons
and antikaons,
T
(0)
KN = 0 , T
(1)
KN = −
mK
f 2K
, T
(0)
KN
=
3mK
2f 2K
, T
(1)
KN
=
mK
2f 2K
. (6)
We have written these contributions with the physical kaon decay constant fK instead with
f (the chiral limit value). Therefore eq.(6) subsumes already all those one-loop corrections
at O(q3) which renormalize f to fK . At next-to-leading order O(q
2) one has the tree-level
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contributions from the effective Lagrangian L
(2)
φB. These contributions can be compactly written
in the form,
T
(0)
KN =
m2K
f 2K
C0 , T
(1)
KN =
m2K
f 2K
C1 , T
(0)
KN
=
m2K
2f 2K
(3C1 − C0) , T
(1)
KN
=
m2K
2f 2K
(C0 + C1) ,
(7)
when introducing the two combinations of low-energy constants C0,1 relevant for KN and KN -
scattering,
C0 = 2d0 − 2dF − d1 + 4bF − 4b0 +
D
3M0
(3F −D) , (8)
C1 = 2dD + 2d0 + d1 − 4b0 − 4bD −
D2 + 3F 2
6M0
. (9)
The reason for the appearance of only two independent combinations C0,1 is crossing symmetry
which relates KN and KN -scattering (see eq.(14) below for the general crossing relation).
*
Fig. 1: Nonvanishing one-loop diagrams for meson-baryon scattering at threshold. Dashed
lines represent Goldstone bosons (π,K,K, η) and full lines represent baryons (N,Λ,Σ,Ξ). The
nonvanishing imaginary parts of T
(0,1)
KN
come exclusively from the diagram marked by an asterisk.
At next-to-next-to-leading order O(q3) one has the contribution from all one-loop graphs
generated by the vertices of L
(2)
φφ and L
(1)
φB. In case of the threshold T-matrices the loop calcula-
tion simplifies considerably since all those diagrams in which the in- or out-going meson couples
directly to the baryon line vanish identically (~σ ·~q = 0). The remaining set of non-vanishing one-
loop diagrams is shown in Fig. 1. We use dimensional regularization and minimal subtraction
3
to evaluate divergent loop integrals (for details see appendix B of ref.[8]). After renormalizing f
to fK in the leading order terms (as done already in eq.(6)) and summing up the contributions
from all diagrams in Fig. 1 one finds the following renormalized one-loop chiral corrections to
the KN and KN threshold T-matrices,
T
(0)
KN =
m2K
16π2f 2pif
2
K
{
3mK ln
mpi
|mK |
+ 3
√
m2K −m
2
pi ln
mK +
√
m2K −m
2
pi
mpi
+π(D − 3F )
[
(D + F )
m2pi
mη +mpi
+ (7D + 3F )
mη
6
]}
, (10)
T
(1)
KN =
m2K
16π2f 2pif
2
K
{
mK
(
2 ln
mpi
λ
+ ln
|mK |
λ
+ 3 ln
mη
λ
− 3
)
+2
√
m2K −m
2
pi ln
mK +
√
m2K −m
2
pi
mpi
− 3
√
m2η −m
2
K arccos
mK
mη
+
π
6
(3F −D)
[
2(D + F )
m2pi
mη +mpi
+ (D + 5F )mη
]}
, (11)
T
(0)
KN
=
m2K
32π2f 2pif
2
K
{
3mK
(
3− ln
mpi
λ
− 2 ln
|mK |
λ
− 3 ln
mη
λ
)
+3
√
m2K −m
2
pi
(
i π − ln
mK +
√
m2K −m
2
pi
mpi
)
− 9
√
m2η −m
2
K arccos
−mK
mη
+π(3F −D)
[
2(D + F )
m2pi
mη +mpi
+ (5D + 9F )
mη
3
]}
, (12)
T
(1)
KN
=
m2K
32π2f 2pif
2
K
{
mK
(
3− 5 ln
mpi
λ
+ 2 ln
|mK |
λ
− 3 ln
mη
λ
)
+5
√
m2K −m
2
pi
(
i π − ln
mK +
√
m2K −m
2
pi
mpi
)
− 3
√
m2η −m
2
K arccos
−mK
mη
+
π
3
(D − 3F )
[
2(D + F )
m2pi
mη +mpi
+ (3D − F )mη
]}
, (13)
with λ ∼ 1GeV the scale parameter introduced in dimensional regularization. Note that we
have used the symmetrical product f 2pif
2
K in the denominator of the prefactor in order to be
more realistic on the rescattering process KN → (πΛ, πΣ) → KN which generates imaginary
parts. The corresponding diagram is the one marked by an asterisk in Fig. 1. The total sums
of all (renormalized) one-loop corrections eqs.(10,11,12,13) have remarkable properties which
do not hold for the contributions from individual graphs. First, m2K factors out. Secondly,
the prefactors of chiral logarithms ln(mpi,K,η/λ) are independent of the axial vector coupling
constants D and F . Thirdly, the terms bilinear in D and F are finite, they carry an extra factor
of π, and moreover D−3F , which is proportional to the ηNN -coupling constant, can be factored
out of these contributions. The finite terms bilinear in D and F have been evaluated earlier in
ref.[9]. Because of these properties there are only two chiral families of graphs in Fig. 1. Family 1
4
is independent of D and F and it consists of the diagrams generated (exclusively) by meson-
baryon vertices with an even number of meson-lines. Family 2 on the other hand is bilinear in
D and F and it comprises the diagrams generated (in addition) by meson-baryon vertices with
an odd number of meson-lines. Note also that the loop contributions eqs.(10,11,12,13) remain
nonsingular in the SU(2) chiral limit mpi → 0 and mK,η fixed. In addition to the contributions
from one-loop graphs one has also further counterterm contributions at order O(q3) which
balance the scale dependence of the chiral logarithms ln(mpi,K,η/λ). In the case of threshold
πN -scattering [2] the third order counterterm contribution has been estimated from resonance
exchange and it was found to be much smaller than the chiral loop contribution. We assume
that similar features hold for KN and KN -scattering. Note also that the low-energy constants
dD,F,0,1 of the second order SU(3) chiral Lagrangian are not well determined at present. Let us
finally mention the crossing symmetry relations which allow to calculate the KN threshold T-
matrices directly from the KN threshold T-matrices by changing the sign of the kaon threshold
energy mK ,
T
(0)
KN
=
1
2
[
3T
(1)
KN − T
(0)
KN
]
mK→−mK
, T
(1)
KN
=
1
2
[
T
(0)
KN + T
(1)
KN
]
mK→−mK
. (14)
Obviously, these relations apply order by order in the chiral expansion.
As a further application of the full SU(3) scheme we reconsider the chiral expansion of the
isospin-even and isospin-odd πN -scattering threshold T-matrices T±piN = 4π(1 + mpi/MN)a
±
piN .
The contributions at order O(q) and O(q2) appear selectively in the isospin-odd and isospin-even
amplitude as,
T−piN =
mpi
2f 2pi
, T+piN =
m2pi
f 2pi
{
dD + dF + 2d0 − 2bD − 2bF − 4b0 −
(D + F )2
4M0
}
. (15)
Here, we have again subsumed in T−piN already those loop corrections which renormalize f to
fpi, the physical pion decay constant. The remaining (π,K, η)-loop contributions at order O(q
3)
generated by the diagrams in Fig. 1 are of the form,
T+piN =
3m2pi
64πf 4pi
{
(D + F )2mpi − 2
√
m2K −m
2
pi − (D − 3F )
2mη
9
}
, (16)
T−piN =
m2pi
16π2f 4pi
{
mpi
(
3
2
− 2 ln
mpi
λ
− ln
mK
λ
)
−
√
m2K −m
2
pi arcsin
mpi
mK
}
. (17)
Note that the kaon and eta-loop contributions to the isospin-even threshold T-matrix T+piN start
out at order m2pi and therefore would have to be accounted for by the second order low-energy
constants c1,2,3 [2] in a reduction to SU(2). The isospin-odd threshold T-matrix T
−
piN on the other
hand receives an additional small kaon-loop contribution proportional to −1/2−ln(mK/λ) which
will be viewed in a SU(2) reduction as a part of the third order low-energy constant Br(λ) (see
ref.[2]).
Finally, we consider low-energy elastic πΛ-scattering in SU(3) baryon chiral perturbation
theory. With only one total isospin-state and inherent crossing symmetry the πΛ-system is
particularly simple. For the πΛ threshold T-matrix TpiΛ the leading order O(q) contribution
vanishes. The second order O(q2) contribution from the effective Lagrangian L
(2)
φB and the
complete O(q3) chiral loop corrections (see Fig. 1) read together,
TpiΛ =
2m2pi
3f 2pi
{
dD + 3d0 − 2bD − 6b0 −
D2
2M0
}
+
m2pi
16πf 4pi
{
D2
(
mpi −
mη
3
)
− 3
√
m2K −m
2
pi
}
. (18)
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We will use this expression to estimate the πΛ phase-shift at the Ξ-mass, a quantity which has
recently received some interest [10, 11].
Next, we turn to the discussion of numerical results. We use for the meson masses mpi =
139.57MeV, mK = 493.68MeV and mη =
√
(4m2K −m
2
pi)/3 = 564.33MeV (the value implied
by the GMO-relation which deviates only by 3.1% from the physical η-mass mη = 547.3MeV
[12]). The pion and kaon decay constants fpi = 92.4MeV and fK = 113MeV [12] are well-
known and for the baryon axial vector coupling constants we use D = 0.8 and F = 0.5. This
choice corresponds via the Goldberger-Treiman relation to a strong πNN -coupling constant of
gpiN = (D + F )MN/fpi = 13.2 which is consistent with present empirical determinations [13].
The ratio D/F = 1.6 agrees with the one extracted from semileptonic hyperon decays [14].
In order to make predictions and to determine remaining low-energy constants we do the
following. The empirical value of the isospin-odd πN threshold T-matrix T−piN = (1.847 ±
0.086) fm [3] is reproduced at one-loop order (eqs.(15,17)) with the renormalization scale λ set
equal to λ = 0.95GeV. We adopt then this value of λ also for the KN and KN threshold
T-matrices. The combinations of low-energy constants C0,1 are adjusted such that the empirical
values of T
(0,1)
KN (eq.(1)) are reproduced by their chiral expansions up to and including orderO(q
3)
(eqs.(6,7,10,11)). Inserting the resulting values C0 = 0.12 fm= 0.60GeV
−1 and C1 = 0.41 fm=
2.09GeV−1 into the formulas for KN threshold T-matrices (eqs.(6,7,12,13)) one predicts this
way,
T
(0)
KN
= (30.4 + 6.2 i) fm , T
(1)
KN
= (7.1 + 10.4 i) fm . (19)
The complex-valued isospin-1 amplitude T
(1)
KN
is in good agreement with the corresponding
empirical value eq.(2), only its imaginary comes out about 10% too small.1 However, one-
loop chiral perturbation theory fails completely in case of the isospin-0 amplitude T
(0)
KN
. The
predicted real part has the right magnitude but the wrong positive sign and the imaginary is
about a factor 2 too small. This should not come as a surprise since the isospin-0 KN s-wave
channel is known to be completely dominated by the nearby subthreshold Λ∗(1405)-resonance.
Only when employing non-perturbative methods [16, 17, 18] one can generate the Λ∗(1405)-
resonance as a quasi-bound KN -state from the lowest order attractive chiral meson-baryon
interaction in this channel. It is also not meaningful to add to the isospin-0 KN amplitude of
one-loop chiral perturbation theory an explicit Λ∗(1405)-resonance contribution as done in [9].
The empirical value of the scattering length a
(0)
KN
= (−1.70 + 0.68 i) fm [5] and the presence
of the subthreshold Λ∗(1405)-resonance are in fact intimately related with each other. In order
to demonstrate this we show in Fig. 2 the real and imaginary part of the isospin-0 KN s-wave
scattering amplitude in ”unitarized” scattering length approximation [19],
f
(0)
KN
(W ) =
[(
a
(0)
KN
)−1
− i Q∗
]−1
, 2Q∗ =
√
W 2 − 2(M2N +m
2
K) + (M
2
N −m
2
K)
2W−2 , (20)
as a function of theKN invariant massW . The prominent resonance structure following already
from the simple parametrization eq.(20) is clearly visible in Fig. 2. The position and slope of
the zero-crossing of the real part Re f
(0)
KN
(W ) suggest a resonance mass of W0 = 1416.4MeV
and a width of Γ = 25.2MeV. Such values of the mass and width are typically found for the
Λ∗(1405)-resonance in extrapolations below the KN threshold [12].
1Note that relativistic 1/M0-corrections to the (complex-valued) one-loop amplitudes are considered as part
of the higher order terms at O(q4) in the heavy baryon formalism used here. A reevaluation of chiral corrections
to KN and KN -scattering in a fully relativistic framework such as the one of ref.[15] can tell how important
these corrections are for both the real and the imaginary part. Since the ratio mK/M0 ≃ 0.5 is not that small,
the effects could be sizeable.
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Fig. 2: The isospin-0 KN s-wave scattering amplitude in ”unitarized” scattering length ap-
proximation versus the KN invariant mass W . The real part (imaginary part) of f
(0)
KN
(W ) is
shown by the dashed (solid) line.
Let us now take a closer look at the chiral expansion of T
(0,1)
KN and T
(0,1)
KN
. Numerically, one
finds for the contributions at first, second and third chiral order: T
(0)
KN = (0 + 2.29 − 1.87) fm,
T
(1)
KN = (−7.63 + 7.83 − 6.54) fm, T
(0)
KN
= (11.44 + 10.59 + 8.35 + 6.23 i) fm and T
(1)
KN
= (3.81 +
5.06 − 1.74 + 10.39 i) fm. One observes cancelations of large contributions at second and third
chiral order, in particular for T
(0,1)
KN . This feature has also occurred in the chiral expansion of the
baryon masses and magnetic moments performed to fourth order in ref.[7, 20]. Such cancelations
of large terms seem to be generic for SU(3) baryon chiral perturbation theory calculations.
Finally, we want to use the present novel one-loop results to extract values of the s-wave low-
energy constants dD,F,0,1. The three chiral symmetry breaking parameters bD,F,0 and M0 can be
determined from the octet baryon masses and the πN sigma-term σpiN(0) = 45MeV (the central
value of ref.[21]). Using the one-loop expressions given in chapter 6.1 of ref.[8] and inserting
f = fpi in (π, η)-loops and f = fK in kaon-loops one finds in a best fit bD = 0.042GeV
−1,
bF = −0.557GeV
−1, b0 = −0.789GeV
−1 and M0 = 918.4MeV. With the additional piece of
information given by the isospin-even πN threshold T-matrix T+piN = (−0.045±0.088) fm [3] and
the values C0 = 0.6GeV
−1 and C1 = 2.1GeV
−1 deduced from the KN threshold T-matrices
one obtains dF = −0.968GeV
−1, 2d0+ dD = −1.562GeV
−1 and d1+ dD = 1.150GeV
−1. These
numbers are comparable both in magnitude and sign with the ones of ref.[22]. There a large
amount of pion and photon induced (η,K)-production data has been fitted in a coupled channel
approach including s- and p-waves. If we furthermore assume that all second order low-energy
constants do not exceed 1GeV−1 in magnitude (for which there is no known exception so far)
we can make a prediction for the πΛ s-wave phase-shift at the Ξ-mass. Using the scattering
length approximation δpiΛ = q
cm
pi TpiΛ[4π(1 +mpi/MΛ)]
−1 with qcmpi = 139MeV and the one-loop
expression eq.(18) for TpiΛ we obtain with d0 ≃ −1.0GeV
−1 [22] a πΛ threshold T-matrix of
TpiΛ ≃ −1.0 fm and a phase-shift at the Ξ-mass of δpiΛ ≃ −2.8
◦. This is considerably smaller
7
than the K-matrix result δpiΛ ≃ −7
◦ of ref.[10]. The present perturbative one-loop result is
however outside the very small range 0◦ ≤ δpiΛ ≤ 1.1
◦ found in the relativistic chiral coupled
channel approach of ref.[11].
In summary, we have calculated here in SU(3) heavy baryon chiral perturbation theory
the threshold T-matrices for KN , KN , πN and πΛ scattering to one-loop order. The kaon-
loop contribution to the isospin-odd amplitude T−piN is small. The complex-valued isospin-1
amplitude T
(1)
KN
can be successfully predicted from the two KN amplitudes T
(0,1)
KN . As expected
perturbation theory fails in the isospin-0 KN channel which is completely dominated by the
nearby subthreshold Λ∗(1405)-resonance. Cancelations of large terms at second and third order
seem to be a generic feature of SU(3) baryon chiral perturbation theory calculations. All second
order low-energy constants are of natural size and do not exceed 1GeV−1 in magnitude. At
one-loop order we predict the πΛ phase-shift at the Ξ-mass to be δpiΛ ≃ −2.8
◦. In order to
quantify the corrections to the present one-loop results fully relativistic calculations and higher
order O(q4) calculations in the heavy baryon framework of SU(3) chiral perturbation theory are
needed.
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